We report on photometric observations of two dwarf novae, OT J075418.7+381225 and OT J230425.8+062546, which underwent superoutburst in 2013 (OT J075418) and in 2011 (OT J230425). Their mean period of the superhump was 0.0722403(26) d (OT J074518) and 0.067317(35) d (OT J230425). These objects showed a very long growing stage of the superhump (stage A) and a large period decrease in stage A-B transition. The long stage A suggests slow evolution of the superhump due to very small mass ratios of these objects. The decline rates during the plateau 1 phase in the superoutburst of these objects were lower than those of SU UMa-type DNe with a similar superhump period. These properties were similar to those of SSS J122221.7−311523, the best candidate for the period bouncer. Therefore, these two DNe are regarded as good candidates for the period bouncer. We estimated the number density of period bouncers roughly from our observations in the recent five years. There is a possibility that these WZ Sge-type dwarf novae with unusual outburst properties can account for the missing population of the period bouncer expected from the evolutionary scenario.
Introduction
Cataclysmic variables (CVs) are binary star systems composed of a white dwarf (primary) and a secondary which is typically a late-type main sequence star. The secondary fills its Roche lobe and matter falls down toward the primary spilling over from the inner lagrangian point (L 1 point).
Dwarf novae (DNe) are one of subtypes of CVs. DNe undergo recurring outbursts. The outburst lasts for an order of days to weeks, during which their brightness increases by 2 to 5 mag. The outburst results from a release of gravitational energy which is caused by a sudden increase of the mass accretion rate by the thermal instability in the disk.
SU UMa-type dwarf novae are a subclass of DNe. They have relatively short orbital periods (1-2 hrs, near to the period minimum) and occasional "superoutbursts" that are brighter and have longer durations than the normal outbursts. The superhumps are believed to result from the tidal instability that is triggered when the disk radius reaches the critical radius for the 3 : 1 resonance (Osaki 1989) . WZ Sge-type DNe are a subgroup of SU UMa-type DNe. They have particularly short orbital periods and show infrequent large-amplitude superoutbursts [for general properties of WZ Sge-type DNe, see e.g. Bailey (1979) ; Downes (1990) ; Kato et al. (2001) ]. During the superoutbursts, superhumps, periodic light variations whose period is a few percent shorter than the orbital period, are seen. The superhump periods vary through a course of three stages: the first is the stage A with a longer superhump period, the middle is the stage B with a systematically varying period, and the final is the stage C with a shorter superhump period (Kato et al. 2009 ).
According to the standard evolutionary theory of CVs, the mass transfer from the secondary starts when the secondary fills its Roche lobe. The orbital period P orb is longer when a CV is formed and the system evolves with P orb becoming shorter. Once its P orb reaches the period minimum, the secondary becomes oversized for its mass as a result of deviation from thermal equilibrium or becomes a brown dwarf which cannot maintain in hydrogen burning. After this point, the system evolves toward longer period and it is usually called "period bouncer" [see e.g. Knigge et al. (2011) and references there in, for standard evolutionary theory of CVs].
The study about the period bouncers ought to play a vital role in resolving the problems about the terminal evolution of CVs, since it is said that Kolb (1993) estimated that 70% of CVs should have passed the period bounce. The candidates for the period bouncer, however, have hardly been discovered. One of the reasons is that CVs become much fainter as they approach the period minimum (Patterson 2011) . Littlefair et al. (2006) also gave a great impact on the problem about the missing population in the CVs. They confirmed the secondary in the eclipsing short-period CV SDSS 103533.03+055158.4 was a brown dwarf, which suggests that the system is the period bouncer. Recently, Littlefair et al. (2008) discovered more three systems which have a brown dwarf secondary with high-speed three-color photometry. In photometric research in the period bouncers, until recently, WZ Sge-type DNe with multiple rebrightenings such as EG Cnc have been considered to be a good candidate for the period bouncer . Recently, succeeded in interpreting the variation of the superhump period around the stage A and developed a new dynamical method to estimate the binary mass ratios (q ≡ M 2 /M 1 ) only from the stage A superhump observations and the orbital period. Using this new method, it become evident that many of WZ Sgetype DNe with multiple rebrightenings do not likely have low mass ratios as estimated in EG Cnc (Nakata et al. 2013) . After this suggestion, a new candidate for the period bouncer was discovered; Kato et al. (2013b) reported SSS J122221.7−311523 (hereafter SSS J122221), a transient discovered by Catalina Real-time Transient Survey (CRTS, Drake et al. 2009 ) Siding Spring Survey (SSS), had a very small mass ratio q = 0.045 and long orbital period [possible period of 0.075879(1) d]. They also revealed a characteristic property of SSS J122221 that stage A superhumps lasted for long time.
In this paper, we present two DNe which are similar in some properties to SSS J122221. OT J075418.7+381225 (hereafter OT J075418) was detected by CRTS as CSS 130131 on 2013 January 31. The quiescent counterpart was g=22.8 mag SDSS J075418.72+381225.2. The observed superhumps with a period of 0.07 d were suggestive of an SU UMa-type dwarf nova (vsnet-alert 15355). OT J230425.8+062546 (hereafter OT J230425) was originally reported as a possible nova discovered by Hideo Nishimura on 2010 December 29 at 13.7 mag (Nakano et al. 2011) . The quiescent counterpart was g=21.1 mag SDSS J230425.88+062545.6. After this, it was suggested to be a dwarf nova on the basis of the color of the SDSS counterpart (vsnet-alert 12548). Subsequent observations detected the presence of superhumps with an amplitude of 0.06 mag (A. Arai, vsnet-alert 12563) . Although observations and analysis of OT J230425 were already reported as a summary form in Kato et al. (2012) , we present a new interpretation of this object in this paper. This paper is structured as follows. Section 2 briefly shows a log of observations and our analysis method. Sections 3 and 4 deal with the results of the observations of OT J075418 and OT J230425, respectively. Section 5 discusses the results. Tables 2 and 3 show the logs of photometric observations. All the observation times were written in barycentric Julian days (BJDs). To correct zero-point of data differences between different observers, we added a constant to each observer's data.
Observation and Analysis
The phase dispersion minimization (PDM) method (Stellingwerf 1978 ) was used in a period analysis. In subtracting the global trend of the light curve, we subtracted smoothed light curve obtained by locally-weighted polynomial regression (LOWESS, Cleveland 1979) before making the PDM analysis. The 1-σ error of the best estimated period by the PDM analysis was determined by the methods in Fernie (1989) , Kato et al. (2010) .
A variety of bootstrapping was used to estimating the robustness of the result of PDM. We analyzed about 100 samples which randomly contain 50% of observations, and performed PDM analysis for these samples. The result of bootstrap is displayed as a form of 90% confidence intervals in the resultant θ statistics.
OT J075418.7+381225
3.1. Overall Light Curve Figure 1 shows the overall light curve of OT J075418. After a precursor outburst (marked with an arrow in figure 1), the superoutburst started on BJD 2456326. The early rise was well observed during BJD 2456326-2456327. The superoutburst lasted with a slow decline for at least 30 d. In the middle part of the superoutburst (BJD 2456341-2456345), there were no observations. On BJD 2456346, observations were resumed and they showed a small rise of brightness. On BJD 2456352, there was a rapid brightening. This phenomenon was confirmed by using different comparison stars. It may have been an interesting phenomenon that we could not explain theoretically. It, however, may have been an artifact, since the observing condition was very bad due to clouds and the moon. Figure 2 shows that a period analysis using the Phase Dispersion Minimization (PDM) method (Stellingwerf 1978) We determined the times of maxima of ordinary superhumps as in the way described in Kato et al. (2009) . The resultant times are listed in table 4.
Superhumps
The O−C curve of OT J075418 is shown in figure 4 . The very long stage A (30 ≤ E ≤ 220) and stage B (E ≥ 280) are seen. Although the data when the stage A-B transition took place cannot be estimated precisely because of lack of observations, it occurred between BJD 2456342 and 2456346. In the stage A, superhumps with a mean period of P sh =0.0722179(32) d and the time derivative of the superhump period P dot (=Ṗ /P ) =+3.6(0.7) × 10 −5 s/s were recorded. In the stage B, superhumps with a mean period of 0.0707581(58) d and P dot of −2.4(0.5) × 10 −5 s/s were recorded.
Two-dimensional Lasso Analysis
The least absolute shrinkage and selection operator (Lasso) method was introduced by Kato, Uemura (2012) . This method has been proven to be very effective in separating closely spaced periods and has extended to two-dimentional power spectra Kato, Maehara 2013) .
A two-dimensional Lasso analysis of OT J075418 data is shown in figure 5 . A major change of frequency from ∼ 13.85 c/d to ∼ 14.1 c/d can be seen between BJD 2456341 and 2456345. It suggests that change coincided with the timing when the stage A-B transition occurred. During the stage A (BJD 2456328-2456341), the frequency become lower. In contrast, it shows a tendency to become higher in the stage B (BJD 2456345-2456355). 
OT J230425.8+062546
4.1. Overall light curve Figure 6 shows the overall light curve of OT J230425. This object was discovered on December 29 in 2011 (BJD 2455559) with the recorded possible maximum brightness of V = 13.72. The early rise was missed. The superoutburst lasted for about 25 d. The light curve showed a slow decline until BJD 2455575. After BJD 2455578, it declined faster.
Superhumps
During BJD 2455563-2455585, superhumps with amplitudes of 0.03-0.07 mag were present. A period analysis using all the data indicated that the mean superhump period was 0.067317(35) d. The PDM analysis of all superhumps was shown in Kato et al. (2012) .
A period analysis indicated a change of the period from 0.067245 (17) stage A superhumps ) implies q = 0.053(1). It suggests that OT J230425 is a good candidate for the period bouncer. 
Discussion

Decrease of Superhump Period between Stage A and B
The O − C curves of OT J075418 and OT J230425 (figures 4 and 9) suggest a very long stage of increasing O − C values (or a long period) and certain stage transition in the middle of the superoutbursts. Kato et al. (2009) argued that the superhump period usually decreases by 1.0-1.5% at the stage A-B transition and by ∼ 0.5% at the stage B-C transition. The fractional period decrease at the transition was ∼ 2.0% in OT J075418 and ∼ 1.4% in OT J230425. This large variation in frequency of OT J075418 can be clearly seen in figure 5. Since they were too large for the stage B-C transition, we regard this transition as the stage A-B transition. The disk precession results mainly from the effects of direct axisymmetric tidal potential from the secondary, secondarily from the gas pressure in the eccentric mode and resonant wave stress (Lubow 1992) . Although the tidal potential produces a net prograde precession, the gas pressure effect produces a retrograde contribution and decreases the precession rate. Murray (2000) gave the hydrodynamical precession ω in terms of the dynamic precession (ω dyn ) and the pressure contribution to the precession (ω pres ):
Note that ω pres is a negative value according to its retrograde contribution. The ratio ω pres /ω orb corresponds to the fractional decrease of the superhump period between stage A and B, where ω orb is the orbital frequency. Therefore, it is possible that the large decrease of the superhump period between stage A and B indicates a large pressure contribution.
Slow Evolution of Superhumps
The duration of the stage A reflects the growth time of the 3 : 1 resonance. As shown in subsections 3.2 and 4.2, it took ∼ 190 (OT J075418) and ∼ 120 superhump cycles (OT 10 J230425), respectively to fully develop the 3 : 1 resonance. Considering absence of observation right after discovery of OT J230425, the growth time of the 3 : 1 resonance may be even longer in OT J230425. This long duration of the stage A suggests very small mass ratios q of these objects because the growth time of the 3 : 1 resonance is expected to be inversely proportional to q 2 (Lubow 1991) . The duration of the stage A of these objects was 4-8 times longer than those of typical SU UMa-type DNe having short orbital periods of ∼ 0.06 d and mass ratios of 0.10-0.15 (Kato et al. 2009 ). The mass ratios of these objects can be estimated to be 2-3 times smaller, suggesting possible mass ratios ∼ 0.05. Despite the possible very small mass ratios, the orbital periods of these objects, which are estimated to be less than 1 % shorter than their superhump periods, are longer than that of typical short-period SU UMa (P orb ∼ 0.06 d). This supports a hypothesis that these objects are candidates for the period bouncer.
Slow Fading Rate
During the superoutburst of SU UMa-type dwarf novae, an almost exponential, slow decline phase exists, which is called the plateau phase. Osaki (1989) derived the time scale of this slow fading as follows.
where R d,10 is the disk radius in a unit of 10 10 cm and α 0.3 = α hot /0.3, respectively (α hot represents the disk viscosity in the hot state). Kato et al. (2014a) suggested that α hot in candidates for the period bouncer that show slow fading rate is probably smaller than in higher-q systems. In addition to this, the radius of the 3 : 1 resonance can be formulated in terms of q:
A small q, thus, produces a large radius of the 3 : 1 resonance and a large disk radius. But the contribution by a small q is smaller than that by a small α hot , since equation 2 shows the dependence of t d to q is larger than that of α.
The fading rates of OT J075418 and OT J230425 were 0.0189(3) mag d −1 and 0.0340(4) mag d −1 , respectively. Figure 10 shows the relation between the superhump period in the stage B (P orb ) and the fading rate of SU UMa-type DNe (filled circles), WZ Sge-type DNe (filled triangles) and possible candidates for the period bouncer including OT J075418 and OT J230425 (filled stars). SSS J122221 (J122221 in figure 10 ) was reported as a perfect candidate for the period bouncer (Kato et al. 2013b ). Kato et al. (2013b) also suggests that OT J184228.1+483742 (J184228 in figure 10 ) showing double superoutburst is a good candidate for the period bouncer. According to figure 10, the fading rates of OT J075418 and OT J230418 are lower than those of SU UMa-type DNe with similar periods. Furthermore, the location of these objects is close to that of the good candidates for previously suggested the period bouncer. This strengthens the interpretation that these objects are good candidates for the period bouncer.
There are two objects near these candidates for the period bouncer in figure 10 . One of them is BC Dor, which went through superoutburst in 2003, and another is PV Per detected its superoutburst in 2008. Their last superoutbursts were reported in Kato et al. (2009) . Since they had relatively frequent outbursts, we considered them not to be candidates for the period bouncer. They were inside a range of the period bouncer in error in figure 10 due to the data of poor quality.
Absence of Early Superhumps
OT J184228, a likely candidate for the period bouncer, showed double superoutburst consisting of the first one with early superhumps and another one with ordinary superhumps (Kato et al. 2013b) . SSS J122221 also showed the similar pattern of the superoutburst.
OT J075418 and OT J230425, however, showed no early superhumps. Early superhumps, as mentioned in section 1, arise when the disk radius reaches the 2:1 resonance radius due to its low q. And they cannot be detected in a system with a low inclination (e.g. GW Lib reported by Hiroi et al. 2009 ), since the origin of early superhumps is the emission of a disk surface that has a non-axisymmetric vertical structure (Nogami et al. 1997; Kato 2002) . The absence of the stage of early superhumps may indicate that the radius of the 2:1 resonance was not reached in these objects. Although this generally does not support their low q, we expect OT J075418 and OT J230425 to have low q because of other strong evidence that we discussed above. Furthermore, it has been reported that a system with corroborated low q did not show early superhumps (Kato et al. 2014b) . It was considered that its superoutburst triggered by an inside-out (slowly rising) outburst made it impossible to establish the 2 : 1 resonance.
Existence of a Precursor in OT J075418
In OT J075418, a precursor preceding the superoutburst was detected (BJD 2456325). This is rare in WZ Sge-type DNe, which hardly show a normal outburst. Osaki, Meyer (2003) suggested that, in a superoutburst with a precursor the disk radius does not reach the tidal truncation radius, which is the maximum radius larger than the 3 : 1 resonance, while the disk radius reaches the tidal truncation radius in a superoutburst without a precursor. It is thought that the system in a precursor fades rapidly as in a normal outburst, since its accretion disk does not reach the tidal truncation radius and the disk allows the cooling wave to propagate inward. During this fading, if the disk becomes sufficient eccentric, the tidal dissipation from the secondary brings the disk to the hot state. Then, it is observed as a superoutburst with a precursor. As mentioned in subsection 5.3, however, OT J075418 faded very slowly. Similarly, 1RXS J053234+624755 has a very small mass ratio 0.074(19) and showed a superoutburst with a precursor (Kapusta, Thorstensen 2006; Imada et al. 2009 ). Following Imada et al. (2009) , we suggest that the radius of the accretion disk of OT J075418 should be far beyond the 3 : 1 resonance, but not reach the tidal truncation radius, if a mass ratio of a system is small enough to make a sufficient space between the 3 : 1 resonance and the tidal truncation radius.
As can be seen in the lightcurve, it took relatively a long time from fading of a precursor outburst to appearance of a superoutburst. It may be due to a long growth time of the 3 : 1 13 resonance because of its small mass ratio.
Number Density Problem of Period Bouncers
Now, we know four candidates for the period bouncer (J075418, SSS J122221, OT J230425 and OT J184228). To investigate whether our observation is able to account for the missing population of period bouncers expected in the evolutionary theory, we counted how many superoutbursts of SU UMa stars were observed. In the recent five years, when the current project to observe SU UMa-type stars was undertaken in the same way as now, we have observed about 291 superoutbursts in 248 SU UMa-type stars (Kato et al. 2010; Kato et al. 2012; Kato et al. 2013a; Kato et al. 2014a ). The number of detected superoutbursts is unknown 1 .
The recurrence time of the superoutbursts T s is inversely proportional to mass-transfer rateṀ (Osaki 1995) andṀ is approximately proportional to q 2 in a short-period system evolving by gravitational radiation . We can estimate the parent population of the period bouncers from the statistics of recorded outbursts. Since many of SU UMa-type DNe have T s ∼ 1 yr, we can assume many of them have been detected in a superoutburst in the last five years. If the period bouncers have recurrence time of T s (PB), the detection probability of period bouncers can be estimated to be 5/T s (PB) × f , where f stands for fraction of time covered by surveys. If we conservatively assume f ∼ 0.1-0.5, we can thus estimate the ratio of parent populations of N(PB)/N(ordinary SU UMa-type)∼ 4/248
There is large uncertainly in T s (PB). We can, however, estimate T s (PB) > 5 yr, since these objects were hardly detected in outbursts in the past CRTS and other surveys.
2 As to OT J230425, two outbursts have been detected by CRTS. One outburst was in 2006 December and the other was in 2011 January. It suggests that the recurrence time of the outbursts of OT J230425 is not as long as that of WZ Sge-type DNe. Therefore, it is possible that some candidates for the period bouncer have higher mass-transfer rate than we expected and go through outbursts more frequent than WZ Sge-type DNe. Three of the four candidates for the period bouncer are, however, WZ Sge-like stars. We assume that majority of the candidates for the period bouncer are WZ Sge-like stars and discuss the number density of period bouncers excluding the systems like OT J230425. We regard N(PB) = 3 hereafter, excluding OT J230425. If we assume that the mass-transfer is purely driven by the gravitational wave radiation, M (PB) ∼ 10 −2Ṁ (ordinary SU UMa-type) and T s (PB) is expected to be ∼ 10 2 yr. If we assume T s (PB) is ∼ 10 1 and ∼ 10 2 yr and conservatively assume f ∼ 0.1-0.5, we can obtain roughly N(PB)/N(SU UMa) ∼ 0.24-12. Considering the possibility of the period bouncers like OT 1 There were systems that were detected its superoutburst but were not made time-series observations.
2 Although typical intervals of observations in CRTS is 10 d, and there is a seasonal gap when the object is near the solar conjunction, we consider many (fraction f ) of superoutburst should have been recorded since WZ Sge-type DNe usually show long-fading tails lasting several months. No previous outbursts in four systems suggest that T s for these systems are efficiently long.
J230425, the population of the period bouncers can be estimated to be larger. As mentioned in section 1, it was predicted that the majority of CVs (∼ 70% by Kolb 1993) have passed the period bounce. On the contrary, few candidate for the period bouncer has been discovered by observations. We call theoretically predicted population of the period bouncer "the missing population" of the period bouncer. Although the true recurrence time of candidates for the period bouncer should be confirmed by future observations, this ratio suggests a possibility that the period bouncers we have identified can account for the missing population of the period bouncers expected from the evolutionary scenario. We thus identify these WZ Sge-type objects with unusual outburst properties are the good candidates for the hidden population of the terminal evolution of CVs. Although we discussed photometric properties of the candidates for the period bouncer, Gänsicke et al. (2009) suggested their spectroscopic properties. They argued that SDSS CVs in the 80-86 min period spike showed spectra dominated by emission from the WD with no spectroscopic signature from the companion star at optical wavelengths. These characteristics suggest that these systems have very low accretion rates, and they are most likely DNe with extremely long recurrence time. It takes long time to detect many candidates for the period bouncer in photometric observations on account of their long recurrence time. Spectroscopic studies of the newly identified four candidates are desired.
Summary
We report on photometric observations of two dwarf novae, OT J075418.7+381225 and OT J230425.8+062546, which underwent superoutbursts in 2013 (OT J075418) and in 2011 (OT J230425). The results of the analysis of our data are summarized in table 1.
In OT J075418 and OT J230425, some peculiar properties that were similar to those of a good candidate for the period bouncer (SSS J122221.7−311523) could be seen. These two DNe are good candidates for the period bouncer. We then propose the general properties of candidates for the period bouncer as below:
• They show a very long growing stage of superhumps (stage A) and a large period decrease of the stage A-B transition (∼ 1.5%). The long stage A, which reflects the slow evolution of the superhump, is due to the very small mass ratios of these objects.
• The decline rates in the plateau phase in the superoutburst of these objects are lower than those of SU UMa-type DNe with the similar superhump period to these objects.
To investigate whether our observation is able to account for the missing population of the period bouncers expected in the evolutionary theory, we counted how many SU UMa stars went through superoutbursts. In the recent five years, we have observed about 291 superoutbursts in 248 SU UMa-type stars and four good candidates for the period bouncer have been suggested, including OT J075418 and OT J230425. Three of four candidates were WZ Sge- like stars, and OT J230425 may have shorter recurrence time than the others. We estimated the number density of the period bouncers, excluding the systems like OT J230425. Although there is large uncertainty in the recurrence time of the period bouncers, we assumed superoutbursts of the period bouncers were 10 1 -10 2 times more infrequent than those of ordinary SU UMa-type DNe, according to the theoretical prediction. Under this assumption, we can obtain roughly N(PB)/N(SU UMa)∼ 0.24-12. This ratio suggests a probability that the period bouncers we have identified can account for the missing population of the period bouncers expected from the evolutionary scenario. 
